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Abstract-- The plane interaction problem for a circular elastic inclusion embedded in an elastic
matrix with an arbitrarily oriented crack. located either in the matrix or in the inclusion under
remote uniform heat flow. is considered. By using the complex variable theory and the existing
solutions for dislocation functions. the thermoelastic problem of a crack in the form of an arbitrary
shape in the vicinity of the interface is formulated. The integral equations for a line crack are then
obtained as a system of singular integral equations with logarithmic singular kernels. The stress
intensity factors. which can properly reflect the interaction between a crack and a circular inclusion.
are obtained in terms of the values of the density functions of the integral equations. Several
numerical examples are given to demonstrate the effects of geometrical parameters and material
property combinations on the strength of the thermal stress singularity. Copyright <' 1996 Elsevier
Science Ltd.

1. INTRODUCTION

The problem of plane thermoelasticity for two bonded half-plane media with cracks of
various shapes has been recently solved by Chao and Shen (1995). It was shown that the
solution of the problem with cracks embedded in one of each medium is related to the
corresponding homogeneous problem. This is merely done by the method of analytical
continuation which allows us to obtain the solution associated with bimaterial media (or a
half-plane medium) from the result associated with the homogeneous problem by a simple
algebraic substitution. The purpose of the present paper is to extend the above mentioned
methodology to the case where a circular thermoelastic inclusion is perfectly bonded to the
matrix with cracks located either in the matrix or in the inclusion.

Problems of the crack interaction with an elastic inclusion have been extensively
investigated by many researchers. Early work by Dundurs and Mura (1964) derived the
analytical solution of the problem of a circular elastic inclusion near an edge dislocation in
terms of Airy's stress potentials. Since then a number of crack problems interacted with
elastic inclusions have received considerable interest such as Dundurs and Sendeckyj (1965) ;
Atkinson (1972): Erdogan and Gupta (1975): Hutchinson (1987); Patton and Santare
(1993) ; Li and Chudnovsky (1994). All the aforementioned studies have concentrated on
crack problems interacting with elastic inclusions under isothermal conditions. In this
paper, the problem of cracks interacting with an elastic inclusion under remote uniform
heat flow is solved. The proposed method is based upon the concept of continuation
theorem, similar to the Kelvin transformation applied by Honein and Herrmann (1988,
1990), which enables us to establish the interindependent relations of the related complex
potentials. Moreover, the singular equations with a logarithmic singular kernel (Chen,
1990: Chao and Shen, 1995) are derived and solved numerically in a straightforward
manner. Some examples of a circular inclusion interacting with an arbitrarily oriented crack
under remote uniform heat flow are given to illustrate the use of the present approach. The
results presented here may assist in studies of cracks interaction with an array of mic­
rodefects and/or inclusions under thermal loadings.
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2. TEMPERATURE FIELD

Consider a circular inclusion of the radius a perfectly bonded to an infinite matrix with
cracks located either in the matrix or in the inclusion. As shown in Fig. I, the regions
occupied by the matrix (1.:1 > a) and the inclusion (izi < a) will be referred to as regions 51
and 5c respectively, and the quantities associated with these regions will be denoted by the
corresponding subscripts. For two-dimensional steady state heat conduction problems, the
temperature function associated with the matrix and the inclusion can be expressed in terms
of analytical functions 9'1 (z) and 92 (z), respectively. In the present study, the resultant heat
flux Q, and temperature Ti for each medium, both used to formulate the boundary condition
along the interface. are expressed in terms of complex potentials as

(I)

(2)

where Re and 1m stand for the real part and imaginary part of the bracketed expression,
respectively. The quantities qx/ and q./ in eqn (I) represent the components of heat flux in
the x- and y-directions, respectively. and k i denotes the heat conductivities.

2.1. Cracks in the matrix
If there exist cracks in the matrix, the temperature functions in the matrix and in the

inclusion can be respectively expressed as

(3)

(4)

where g;) (.:) stands for the temperature function associated with the unperturbed field which
is related to the solution of cracks in the homogeneous media. g'l (z) (or 92(':)) is the
temperature function associated with the perturbed field of matrix ror inclusion) which is
holomorphic in region 51 (or 5c)' Since the matrix and the inclusion are assumed to be
perfectly bonded along the interface. both the temperature and resultant heat flow should
be continuous across the interface.: = (J = ae1H

• resulting in

y

a x

S 2 (Gt ,lCt ,fh ,kt)

Fig. 1. A circular elastic inclusion embedded into an elastic matrix with an arbitrarily oriented
crack.
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(5)

(6)

where an overbar denotes the complex conjugate. By applying the continuation theorem,
it is convenient to introduce a new set of complex potentials (),(z) (j = 1,2) which is
holomorphic in the entire domain including the interface as

for ZE 51' and

0c(::') = ikjg'j (z) + ik"/J~(aC ::) - ik1P;,(aC ::)- -

()C(Z) = ikcg~(::) + ik l //I (a C ::) - iklg;,(::)
--.

(7)

(8)

(9)

( 10)

for Z E 52' Since B/::) are now holomorphic and single-valued in the whole plane including
the point at infinity, according to Liouville's theorem, B,(::) is considered as a constant.
However. the constant functions 8i(z) can be treated as a reference temperature and which
can thus be assumed to be zero without loss in generality. With this resulL the final
expression of the temperature functions becomes

(11 )

(12)

2.2. Cracks in the inclusion
When cracks are located inside the inclusion. the temperature functions can be written

as

(13)

(14)

By applying the interface continuity conditions and the method of analytical continuation.
similar to the derivations given in egns (5)-( 10). the final expression of the temperature
functions becomes

(15)

(16)
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3. THERMAL STRESS FIELD

For the two-dimensional theory of thermoelasticity, the components of the displace­
ment and traction force can be expressed in terms of two stress functions ¢iz), !/Jiz) and a
temperature function 9/Z) as (Bogdanoff, 1954)

(17)

(18)

where Gj is the shear modulus, and K; = 3 - v)1 + v;, p) = a) for plane stress and K j = 3 - 4vj,
f3; = (1 + v):Xj for plane strain with Vj being the Poisson's ratio and aj the thermal expansion
coefficients. The components of stress in polar coordinates are related to ¢iz) and !/Jiz) by

[a" + aooL = 4Re [¢;(z)] (19)

(20)

3.1. Cracks in the matrix
We first consider a circular inclusion perfectly bonded to an infinite matrix in which

the cracks are located. The stress functions in the matrix and in the inclusion can be written
respectively as

(21)

and

(22)

where ¢o(z) and !/Jo(:::) represent the stress functions associated with the unperturbed field
which are related to the solutions of cracks in the homogeneous media while ¢ I (z), !/J I (z)

~ ~

(or ¢2(:::)' !/J2(Z» are the functions corresponding to the perturbed field of matrix (or
~ ~

inclusion). Since the matrix and the inclusion are assumed to be perfectly bonded along the
common boundary, both the displacement and traction force must be continuous across
the interface z = a = aei8

. This can then lead to

¢o(a)+¢I(a)+a¢~(a)+a¢'I(a)+!/Jo(a)+!/J,(a)= ¢2(a)+a¢;(a)+!/J2(a) (23)
~

and

I -- ------
2G, {K, [¢o (a) + ct! (a)] - a¢~ (a) - a¢~ (a) -!/Jo (a) -!/J,..}., (a)} + p,90(a)

+ (k~ -k~)P'Jo(a2/a) = 2G
1

{K2¢2(a)-a¢;(a)-!/J2(a)} + k
2k

,P
k
2 90(0) (24)

,+ 2 2 ~ ~ ~ 1+ 2

where

Jf dzfo(:::) = -a- 9~(z) Z2

Using the properties of holomorphic functions and applying the method of analytical
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continuation, a new set of complex potentials wlz), which are hoiomorphic in the entire
domain including the interface boundary, is introduced as

K] I - J -- - 1-
w2(z) = 2G] ~(z)- 2G] [z1J~(a-/z)-z1J~(0)+ljJo(a2!z)]+ 2G

2
[z~(a2/z)

-,- - , . (k] -k 2 ){3] - , ,
-z1J~(0)+ljJ2(a-/z)]+ k +k fo(a-;z) (26)

~ ~ I 2

for ZE 5J, and

w](z) = 4>2(Z)-4>O(z)-z¢;(a2!z)-z4>~(0)-ljJ](a~/z)+z1J;(0) (27)
~ ~

(28)

for Z E 52' By Liouvil1e's theorem, we have wj(z) == constant. However, the constant func­
tions wlz) correspond to a rigid-body motion which may be neglected, we have wiz) == O.
Based on this result, the final expression of the stress functions becomes

[ I +" J" }+ I _ ;,~ - 1 1J~ (0) + 1~4(![y!g~ (0) +g~ (0)]

.,*
4>2(Z) = (1+Y])1Jo(z)+f'4go(Z)+-113 *,z{(I+}'])[}'!1J~(0)+1J~(O)]+Y4[y!g~(O)

-h-

+g~(O)]}

where

(30)

(31 )

(32)

(33)



3870 C. K. Chao and J. Y. Lee

For the special case of isothermal elasticity, the expressions provided in eqns (29)-(32) will
be simplified to the results given by Honein and Herrmann (1990) if one assumes Y2 = Y4 = 0
and (/>;) (0) = ¢~ (0) in the above equations.

3.2. Cracks in the inclusion
If all cracks are located inside the inclusion, the stress functions in the matrix and in

the inclusion can now be written respectively as

(34)

and

(35)

Based upon the expressions given in eqns (34) and (35), the interface continuity
conditions lead to

¢,(a) +a¢',(a)+t/J,(a) = ¢0(a)+cP2(a)+a[¢~(a)+cP;(a)]+t/JO(a)+t/J2(a) (36)- -
and

I ---- ----
= 2G

z
{K2[cPO(a) + t:(a)]-a[cP~(a) +cPj(a)]-t/Jo(a) -'t:(a)}

(k 2-k,){32- 2'
+{3290(a)+ k, +k

2
Io(a ja) (37)

Applying the method of analytical continuation, a new set of complex potentials wj(z)
is introduced as

W,(Z) = cP,(z)-z[¢;(a2!z)-cP;(0)]-cPO(z)-~2(a2/z)
~ ~

for Z E 5 10 and

(38)

(39)

W,(Z) = ¢2(Z)-z¢;(a2/z)-~I(a2/z)+z¢;(0)+z¢~(a2/z)+~0(a2!z) (40)
~

K, I _, _, I -- _ ,
W2(Z) = 2G

2
t:(z) + 2G

1
[zt,(a-!z)+~(a-/z)]- 2G

z
[z~(O)+z¢~(a-/z)

-" (k 2-k,){32-"
+t/Jo(a-jz)]+ k k 10 (a-jz) (41)

1+ 2

for Z E 52. Based on the similar reasons explained in the previous approach, we have
w/(z) == O. With this result, the stress functions finally become
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(42)

, 4

+ cr ["t(,/~ )'(0) + "'1'( f' )'(0)] + "*g- (a 2 /Z) + "'1' ~f-" (a 2
iZ ) (45)

~ I _ 'P 0 I _ .. 0 1 4 o.! (.:. =3' 0 I

where ~o(z) = If;o(a2,z), f~(::) = Io(a2
::) and the constants 'if, y~, yt, ,'t are obtained from,'j, h Y3, ~'4' respectively, by interchanging the material properties of matrix and inclusion.

If all terms concerning temperature effects such as go(::) andJo(::) are removed, eqns (42)­
(45) are found to be identical to those for isothermal elasticity problem obtained by Honein
and Herrmann (1990) except the terms of logarithmic singularities. Note that the existence
of logarithmic singularities in the paper (Honein and Herrmann, 1990) results from the
discontinuity in the displacement or in the resultant force along the circular boundary.
However, the terms of logarithmic singularities would not appear in the crack problem
since the requirement of single-valued displacements when enclosing the crack surface
should be satisfied.

4. I:--JTEGRAL REPRESE:--JTATION FOR A SINGLE INSCLATED CRACK

We first consider a single insulated crack L to be situated in the matrix under remote
uniform heat flow. The corresponding homogeneous solutions associated with a single
crack can be expressed in terms of distributed temperature dislocations and edge dis­
locations along the crack surface as (Sekine, 1977)

iG] ~ .
¢o(::) = I J [h]Csl+/h,(s)]log(::-t)ds

7[( +h:J! L -

(46)

(47)

(48)

where bo(s) indicates the strength of the temperature dislocation and b](s), b2(s) indicate
the components of the displacement discontinuities across the dislocation line. Substituting
eqn (46) into eqns (11) and (12), the temperature potentials are obtained as
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(49)

(50)

The unknown function bo(s) in eqns (49) an (50) can be obtained in the sense that the total
heat flux across the crack surface must be balanced by the given resultant heat flux Ql
across the crack surface L in the unflawed media (Chao and Shen, 1995), i.e.

(51)

where Co is a constant to be determined. In addition, the single-valued condition of the
temperature must be satisfied, i.e.

tbo(s)ds = 0 (52)

Substitution of eqn (49) into eqn (51) yields the singular integral equation together with the
subsidiary condition, eqn (52), which may be solved numerically. Having the temperature
functions given in eqns (49) and (50), the corresponding stress functions can be also
expressed in terms of integral equations by substituting eqns (47)-(50) into eqns (29)-(32).
Now, the remaining unknown functions bI(s) and b2(s) can be obtained in the sense that
the force acting on the crack surface must be balanced by the given resultant force applied
on the crack surface (Chao and Shen, 1995), i.e.

(53)

where CI and C2 are real constants to be determined. Moreover, the requirement of single­
valued displacements given by

(54)

should be satisfied. Thus, the thermoelastic field associated with a single crack located in
the matrix can then be obtained once the singular integral eqn (53) together with the
subsidiary condition (54) are solved numerically.

For a single crack located in the inclusion, the corresponding homogeneous solutions
are given by

g~ (z) = - 2
i
rrtbo(s) log (z - r) ds

iG2 fcPo(z) = 1 ) [b i (s)+ib 2 (s)]log(z-t)ds
rr( +K2 L

(55)

(56)

(57)

Substituting eqn (55) into eqns (15) and (16), the temperature functions in the matrix and
in the inclusion can be respectively expressed as
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-if (k 2 -kdi f (a 2
)g; (z) = -2 bo(s) log (z - t) ds+ 2 k k bo(s)log ---; - t ds

7[ L 7[( I + 2) L ~
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(58)

(59)

By a way similar to the previous approach, the unknown constant bo(s) can be determined
numerically. The corresponding stress functions can be also expressed in terms of integral
equations by substituting eqns (56)-(59) into eqns (42)-(45). Similarly, the unknown
functions bl(s) and b2(s) may be solved numerically from eqns (53) and (54) by replacing
the stress functions ePl(Z), t/JI(Z) in eqn (53) with eP2(Z), t/J2(Z) and the material constant PI
in eqn (54) with P2' After having the unknown functions bo(s), bl(s) and b2(s), all the field
quantities may be evaluated by means of definite integrals and the resulting stress intensity
factors, which are related to the coefficients b l (s) and bis) (Chen, 1990; Chao and Shen,
1995), will be obtained accordingly.

5. NUMERICAL RESULTS AND DISCUSSIONS

The main purpose of this paper is to study interactions between a crack and a circular
elastic inclusion under remote uniform heat flux. This can be achieved by the determination
of the stress intensity factors resulted from thermal flux that may properly characterize the
interaction behavior between a crack and a circular inclusion. In the following results, only
a radial insulated crack (see Fig. 2) located either in the matrix or in the inclusion under
remote uniform heat flux, qo, in the direction approached from the negative y-axis will be
considered. The results of nondimensional stress intensity factors vs the distance h/a for
different ratios of shear modulus, when a radial crack is embedded in the matrix, are
displayed in Fig. 3(a)-(c). In the following discussion, k2/k l = P2/PI = 1, and VI = V2 = 0.3,
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Fig. 2. A radial insulaled crack located either in the matrix or in the inclusion.
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Fig. 3. (a) The mode-II stress intensity factors vs the distance h a for a radial crack located in the
matrix with ~ = fJ = 0 . (b) The mode-l stress intensity factors vs the distance h/a for a radial crack
located in the matrix with cY. = fJ = 45 . (c) The mode-II stress intensity factor vs the distance h/a

for a radial crack located in the matrix with cY. = fJ = 45 .

fla = 0.1 are used and other values are stated specifically. It is indicated that the positive
mode-I stress intensity factors at tip A increase with a decreasing distance h/a as a radial
crack is placed in the hard material (G I > G2). The trend becomes more obvious for the
problems where the inclusion is a hole (G I /G2 = 00). On the other hand, the factors KIA

will become a negative number as a radial crack is placed in the soft material (GIfGz = 0.1).
It is understood that stiffer material may tend to act as a barrier in load transfer. It is noted
that all the numerical results of stress intensity factors presented in the present study are
only for the crack tip closer to the interface because those factors at the crack tip away
from the interface are less sensitive to the distance h/a as compared to those at the crack
tip close to the interface. It is worth noting that both mode-I and mode-II stress intensity
factors vanish as radial crack is placed parallel to the direction of heat flow, i.e. C( = f3 = 90°
because the uniform heat flow would not be disturbed by the presence of an insulated crack.
Moreover, the mode-l factors will vanish when a crack is oriented normal to the direction
of heat flow, i.e. C( = f3 = 0 where the heat flux passing along the crack surface will not be
disturbed by the presence of a circular inclusion. Similar observations can also be made on
the problem when a radial crack is placed in the inclusion as displayed in Fig. 4(a)-(c).
Note that all the calculated stress intensity factors are very sensitive to the distance h/a and
the convergence of numerical calculation becomes slower when a crack tip approaches the
interface. In reality, the use of stress intensity factors can no longer be applied to a very
small region near the interface which is beyond a continuum scale level. The results as
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Fig. 4. (a) The mode-II stress intensity factors vs the distance h/a for a radial crack located in the
inclusion with 1- = f3 = o. (b) The mode-I stress intensity factors vs the distance h!a for a radial
crack located in the inclusion with 1- = f3 = 45. (c) The mode-II stress intensity factors vs the

distance h/a for a radial crack located in the inclusion with 1- = f3 = 45=.

indicated in Figs 5-8 are given for three typical examples of composite materials with a
radial crack located either in the matrix or in the inclusion. All the thermoelastic properties
of composite materials are listed in Table I.

It is interesting to see that all the mode-I factors for three examples of composite
materials are found to be negative as a radial crack embedded in the matrix is oriented at
'.J. = f3 = 45= under the given heat flow. This implies that a crack will propagate away from
the interface. Conversely, the crack would propagate toward and go through the interface
as a radial crack oriented at '.J. = f3 = 45 is placed in the inclusion.

6. CONCLUSIONS

A general solution to the thermoelastic problem of a circular elastic inclusion perfectly
bonded to an infinite matrix with a crack located either in the matrix or in the inclusion is
presented in this paper. The proposed method is based upon the complex variable theory
and dislocation functions which are used to formulate the crack problem. Based upon the
analytical continuation theorem, both the temperature and displacement complex potentials
are formulated such that the continuity conditions across the interface are satisfied. The
resulting singular integral equation with a logarithmic singular kernel (Chen, 1990; Chao
and Shen, 1995) are established such that the unknown dislocation functions can then be
solved numerically in a straightforward manner.
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Fig. 7. The mode-l stress intensity factors vs the distance h:a for a radial crack located in the
inclusion with 1 = [3 = 45 .
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Table I. Typical properties of materials for composites

Properties

Inclusion

Boron Carbon Glass

Matrix

Epoxy
------ --_. ------ ._--------------

Shear modulus, GNm-'
Poisson's ratio
Thermal expansion coefficient, ]06. C- J

Heat conductivity, W (mC) - J

172.5
0.2
5.0

18.2

138.7
0.2
2.7

15.6

31.74
0.2
5.0
1.94

1.24
0.4

57.6
0.45

For studying the thermoelastic interactions between a crack and a circular elastic
inclusion, the stress intensity factors for several numerical examples are computed which
are found to depend upon material properties of matrix or inclusion, crack orientation and
geometric configuration. It is emphasized that the method presented in this work can also
be applied to more complicated problems with irregularly shaped multiple cracks embedded
either in the matrix or in the inclusion.
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